Exercise 4.1

Question 1:

Evaluate the determinants in Exercises 1 and 2.

2 4
-5 -1
Answer
2 4
=5 =1j_ 2(-1) —4(-5)=—2+ 20 = 18

Question 2:

Evaluate the determinants in Exercises 1 and 2.

- b
cosf! —sinf r—x+l x-1

i) sinf coséd (ii) x+l x+1
Answer
cosf?  —sind

sin@  cos@|_ (cos 8)(cos 8) — (—sin B)(sin B8) = cos? B+ sin? B =1

(1)
' —x+1 x—1

x+1 x+1

(ii)
= —x+ 1)(x+1)—(x—1)(x+1)
=X =+ x+x—x+1-(x*-1)
=x+1-x"+1

=x —-x +2

Question 3:

1 2
o
If 4 2 , then show thatlz"’| - 4‘A|

Answer

1
A=
The given matrix is 4 2 .

4

.‘.2A=2{
4

L

-'-L-H.5-=|2A|=§ :=2x4—4x8=8—32=_24
1 2
Nuw.|A|=‘ ‘=lx2—2x4=2—8=—6
4 2
~RHS.=4[4|=4x(-6)=-24
S LH.S. =R.H.S.

Question 4:

1 01
A=0 1 2
~ oA a Ia Ll A=l
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[V u & 214

If , then show th.atlmI -

Answer

A=

=T =

0 1
1 2
The given matrix is 0 4

It can be observed that in the first column, two entries are zero. Thus, we expand along

the first column (C;) for easier calculation.

12 o1 foo
|A|=I‘ -0 +0 =1(4-0)-0+0=4
0 4 04 |1 2
. 27|A|=27(4) =108 (i)
10 1] [3 0 3
Now, 3A=3(0 1 2|=|0 3 6
0 0 4] [0 0 12
6 o 0
.'.|3A|=3‘3 ‘- ’ ’ +u| ’
0 12f jo 12 3 6
=3(36-0)=3(36)=108 (i)

From equations (i} and (ii), we have:

34|=27|4|

Hence, the given result is proved.

Question 5:

Evaluate the determinants
3 -1 =2 3 4 5
o 0 -l 117 =2
3 =5 0, .12 3 1

(i) (iii)
0o 1 2 2 -1 -2
10 -3 |0 2 -1
(i) -2 3 0 (iv) 3 -5 0
Answer
3 -1 =2
A=10 0 -]
(i) Let 3 =5 0

It can be observed that in the second row, two entries are zero. Thus, we expand along

the second row for easier calculation.

|A|=-0_5| _;m; _02‘-{-1} I‘:{—I5+3}=—12

3 —
3 -5

3
A=|1
(i) Let 2

By expanding along the first row, we have:
1 —2‘ 1 —2‘ |l 1
|A|=3|, , +4‘, 1451 |
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B2 o1 23
=3(1+6)+4(1+4)+5(3-2)
=3(7)+4(5)+5(1)
=21+20+5=46

0 1 2]
A=[-1 0 =3|.

(iii) Let 230,

By expanding along the first row, we have:
0o -3 [|-1 -3 -1 0
30 -2 0 -2 3
=ﬂ—1(ﬁ—6]+2(—3—0}
= ~1(~6)+2(-3)
=6-6=0

2 -1 -2

A=0 2 1|
i -5 0

-1 +2

4=0

(iv) Let

By expanding along the first column, we have:

|,4|=z| .3

-5 0| -5 0
=2(0-5)-0+3(1+4)
=—10+15=5

2 -I‘_O—I -2
2 -l

-1 -2’

Question 6:

By expanding along the first row, we have:

4|=1 -1

1 -3 2 -3 2 1
4 -9 5 9 "5 4
=1(-9+12)~1(~18+15)-2(8-5)
S1(3)-1(-3)-2()

=3+3-6

-6-6

=0

Question 7:
Find values of x, if

|24 2x 4
2 100 A ¥

‘2 3 | 3|
4 & e &
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(1) 2L A R {1 L B I

2x :l
(i) 6

= 2x]-5x4=2xxx—-6x4
=2-20=2x"-24

Answer
2 4_
51

=2x' =6
=x =3
:.r:iv'ri

2 3‘_ x 3
(ii) 4 5 [2x 5

= 2x5-3x4=xx5-3Ix2x
= 10-12=5x-6x

= -2=-x

=x=2

Question 8:

x 2] |6 2
18 x |I8 6

If , then x is equal to

(A) 6 (B) £6 (C) —6 (D) O
Answer

Answer: B

x 2| |6 2
18 x| I8 6‘

= x =36=36-36
= x -36=0

= x" =36

= x=1b

Hence, the correct answer is B.
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Exercise 4.2

Question 1:

Using the property of determinants and without expanding, prove that:

x a x+a

v b y+h=0

F1 c z+¢

Answer

X a x+a |x a x| |x a a

¥ b yv+b =y b v+ b bl=0+0=0
z c z+c| |z ¢ z| |z C C

[Here, the two columns of the determinants are identical|

Question 2:

Using the property of determinants and without expanding, prove that:
a-b b-c c-a

b-c c-a a-b=0

c—-a a-b b-c

Answer

a-b b-¢ c¢-a

A=lb—¢c c¢—a a-b

c—a a-b b-c

Applying R, = R, + R, we have:

a—c b—a c—b
A=lb—c c—a a—b
~(a-c) ~(b-a) ~(c-b)

a-c¢ b—a c-b
=—lb-¢ c¢—a a-b
a-¢ bh-a c¢-b
Here, the two rows Ry and Rs are identical.
Soh = 0.
Question 3:

Using the property of determinants and without expanding, prove that:

2 7 65

3 8 75/ =0
5 9 86
Answer

2 7 65 2 7 63+2

3 8 75(=3 8 72+3
5 9 86 |5 9 81+5
7 63 |2 7 P
=(3 8 72/ +(3 8
9 5

5 9 8l 5
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2 7 9(7)
=[3 9(8) +0 [Two columns are identical|
s 9 9(9)
2 7 7
=93 8 8
5 9 9
=0 [Twao columns are identical |

Question 4:

Using the property of determinants and without expanding, prove that:

1 be a(b+c)
1 ca b(e+a) =0
1 ab  c(a+b)
Answer
| be a(b+c)
A=l ca b(c+a)
1 ab  cla+h)

By applying C3 — C3 + C3, we have:

1 be ab +be +ca
A=l ca ab+bec+ca
] ab ab+bec+ca

Here, two columns C; and Czare proportional.
SA = 0.

Question 5:

Using the property of determinants and without expanding, prove that:

b+c q+r y+z a P x
c+a r+p z+x=2b q v
a+b p+g x+y ¢ r z
Answer

b+c qg+r y+:
A=lc+a r+p =-+x
a+b p+q x+y
b+c g+r y+z| |b+c g+r y+:z
=lc+a r+p s+x(+le+a r+p o+x
a P X b q ¥y
=A, +A, (say) (1)
b+c q+r y+:
Now, A, =lc+a r+p =-+x
a P x
Applying R; — Rz — R3, we have:

b+c g+r y+:z
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A =|c

[

r
P

X

Applying R, = R, —R,, we have:

b q v
A=l r z
a P x

Applying Ry —R3 and R; «—R3, we have:

a p X |a p
A=(-1b g y=pb g
(4 r - ¢ r
b+c q+r y+z
A,=lce+a r+p z+x
b q v
Applying Ry — By — R3, we have:
c r z
A, =le+a r+p z+x
b q h
Applying R, = R, —R,, we have:
c r z
A, =la P X
b q y

Applying Ry —R; and Rz «—R3, we have:

a p x| a p
A=(-1yb ¢ y=b g

(i r H (4 r

From (1), (2), and (3}, we have:

a P x
A=2b q v
¢ r z

Hence, the given result is proved.

Question 6:

by

¥ {3}

By using properties of determinants, show that:

0 a —h
—-a 0 —c|=0
b c 0
Answer
We have,
0 a -b
A=|-a 0 -
b ¢ 0

Applying R, — ¢R |, we have:

0
1

ac

-be
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A=—|-a 0 -
b c 0

ab ac 0
A=—|-a 0 -C
b ¢ 0
b c 0
S 0 —C|
b c 0

Here, the two rows Ry and Rz are identical.

A =0.
Question 7:

By using properties of determinants, show that:

-a’  ab ac
ba b’ be |=4da’he’
ca ch -c?
Answer —a¢  ab ac
A=ba b be
ca ch -
-a b ¢
=abcla ~h I [Taking out factors a, b, ¢ from R, R, and Ri]
a b -
-1 1 1
=a’h’c? |l -1 1 [Tﬂking out factors a, b, ¢ from C,, C,, and C1]

1 1 -1

Applying Rz — Rz + Ry and R; — Rz + Ry, we have:

-1 1 ]
A=a'b’e* |0 0 2
0 2 0
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] - 3 0 2
=a‘b'c (-1
a'b’e( )‘2 0‘
=—a'b’c* (0-4)=4d°b"¢’
Question 8:

By using properties of determinants, show that;

2

1 a a
1 b b'|=(a-b)(b—c)(c-a)
0 1 c c

1 1 1
a b c|=(a=b)(b—c)(c—a)(a+b+c)

- . Jx 2
Answer
1 a a
Let A=l b b*|.
0 1 C ¢’

Applying Ry — Ry — Rzand R; — Rz — Rz, we have:
0 a-¢ a -¢
A=|0 b—c b -¢°

5

1 ¢ &

0 -1 —a-c
=(c—a)(b-c)0 1 b+e

2

| ¢ <

Applying Ry — Ry + Ry, we have:

0 0 —a+b
A=(b-c)(c—a)0 1 b+c
1 c ¢’
0 0 -1
=(a-b)(b-c)(c-a)l0 1 b+e
| ¢ o’

Expanding along C,;, we have:
=1

ﬁ=(a—b){b—c}(c-u)? o

=(a-b)(b-c)(c—a)

Hence, the given result is proved.

1 1 1

A=la b c
L] k} 3
(i) Let “ b “l.
Applying C; — C; — Cyand C;, — C; — C;, we have:
0 0 |

A=la-c¢ b-c ¢

3

a - b -e &
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0 0 1

=la—c b-c c

{a—c](aI +ac +c!) (b—r:')(e"JI +£'J(:+c2) e’
0 0 1
=(c-a)(b-c) -1 | ¢
—(u2+m:'+cl) (b3+bc+c'1) e’

Applying C; — Cy + C3, we have:

0 0 |
A=(c-a)(b-c)|0 1 c
(b: —a:)+(b¢'—ac} (b: +b¢'+c2) c
0 0 1
=(b—c)(c—a)(a-b)0 I c
~(a+b+c) (b’ +bc+c?) ¢
0 0 1
=(a—-b)(b-c)(c—a)(a+b+c)|0 1 c
-1 (6 +be+c?) ¢

Expanding along C;, we have:

.ﬁ=(a—h](h—c}{c—a)(a+h+c){—l]‘? )

=(a=-b)(b-c)(c—a)(a+bh+c)

Hence, the given result is proved.

Question 9:

By using properties of determinants, show that:

x X’ vz
v ¥ zv| = (x—y)(y—z)(z—x)(xy + yz + zx)

"

z z Xy

Answer
i
x X »z
LetA=|y ¥ zx|.
2 z xy

Applying Rz — Rz — Ryand R; — Rz — Ry, we have:

x X ¥z
A=ly—x yi—x? X —yz
I—X 2-x? xXy—)z
X 1': 'z
=-(x-y) (- w)(x+y) z(x-y)

(z-x) (z=x)(z+x) -y(z-x)

|||- e |E|
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=(x=y)(z-x)]-1 R z
1 I+Xx -y

Applying Rz — Rz + Ry, we have:

X ¥ ¥z
A=(x-y)(z-x)|-I e z
0 =y zZ=¥
=(.r-3-':|(z—x)(z—y] -1 -X—=¥ :
0 1 1

Expanding along R;, we have:
S ) [
“(x=2)z=2) (=) (= 2)# (2 )

=—(x=y)z-x)(z—y)(xy+ )z +2x)
=(x=y)(y—z)(z—x)(xy+ 3z +2x)

Hence, the given result is proved.

Question 10:

By using properties of determinants, show that:

x+4 2x 2x
¢ x+4 2x |=(5x+4)(4-x)
2x 2x x+4

(1)
v+k ¥ v
¥ v+k y |=k(3y+k)
(ii) ¥ ¥ y+k
Answer
x+4 2x 2x
A=|2x x+4 2x
0 2x 2x x+4
Applying Ry — Ry + Rz + Ra, we have:
Sx+4 5x+4 S5x+4
A=2x x+4 2x
2x 2x x+4
1 1 1
=(5x+4)2x x+4 2x
2x 2x x+4

Applying C; — C; — Cy, C3 — C3 — Cy, we have:

1 0 0
A=(5x+4)2x -x+4 0
2x 0 -x+4
1 0 0|
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=(5x+4)(4-x)(4-x)[2x 1 0

2x 0 1

Expanding along Ci, we have:

| 0
A=(5x+4)(4-x)

el

=(5x+4)(4-x)
Hence, the given result is proved.
v+k ¥ v
A=ly vtk oy
v ¥ vk

(i1)
Applying Ry — Ry + Rz + R;, we have:
v+ k 3y+k 3y+k
A=y y+k ¥
v ¥ y+k

1 | 1
=(3y+k)|y vik v
yooy o ytk

Applying C; — Cz; — Ciand C3 — C3 — Cy, we have:

1 0 0
A=(3y+k)y k 0
y 0 k

| 0 0

=k (3y+k)y 1 0

¥ 0 1

Expanding along Cz, we have:

, |
A=k (3y+k)

0o
=K Gy k)

Hence, the given result is proved.
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Question 11:

By using properties of determinants, show that:

a-b-¢c 2a 2a
b b-c-a 2b =(a+b+c)
0 2c 2c c—a—bh
x+y+2z X v
z y+z+2x v =2|[.'¢:+'}-+z)-3
(i) z X z4+x+2y
Answer
a-b-c 2a 2a
A=| 2b b-c-a 2h
2c 2e c—a-b

(1)
Applying Ry — R; + Ry + R3, we have:

a+h+c a+h+e a+b+c
A=|2b b-c-a 2h
2 2c c—a-b
1 1 1
=(a+b+c)2b b-c-a 2b
2c 2c c—a-b

Applying C; — Cz — Cy, C3 — C3 — T4, we have:

| 0 0
ﬁz{u+b+c)lb —{u+b+c} 0
2e 0 ~(a+b+c)
| 0 0
=(a+b+c)' 26 -1 0
2c 0 -1

Expanding along Cj, we have:
A=(a+b+c) (-1)(-1)=(a+b+c)

Hence, the given result is proved.

X+ y+2z x v
A=| =z y+z+2x v
z X Z+x+2y

(i)
Applying C; — Cy + C3 + C3, we have:

2(x+y+2) x y
A=2(x+y+z) y+z+2x y
2(x+y+2) x z4x+2y
I x ¥
=2(x+y+z)|l y+z+2x ¥
I x Z+x+2y

Applying Rz — R2 — Ryand R; — Rz — Ry, we have:

|1 x v
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A=2(x+y+2z)[0 X+y+z 0

0 0 X+y+z
1 x ¥

=2(x+y+z)1 0 | 0
0 0 |

Expanding along R3, we have:
ﬂn.:2{_1|:+y+z]3(1)(1—[})=2(x+y+::|1

Hence, the given result is proved.

Question 12:

By using properties of determinants, show that:

>

1 X X
¥’ 1 x|= (l -x )3
x X 1
Answer
1 x x
A=x 1 x
x x’ |

Applying Ry — Ry + Rz + Ra, we have:

l4+x+x° l+x+x° 1+ x4+x°
A=x’ | x
x X 1
1 1 1
=(]+x+:r1}.1r2 1 X
X X 1

Applying C; — C; — Cyand C; — C3 — Cy, we have:

1 0 0
ﬁ=(l+.r+xz)xz 1-x x—x
X xt—x 1-x
1 0 0
=(l+x+x2){l—.r}(l—x) X’ l+x x
X -x 1
1 0 0
=(1-x')(1-x)]x*  1+x x
X -x 1

Expanding along Ry, we have:

A=(1=-x")(1-x)(1)
=(1-x")(1=x)(1+x+x7)

=(1-x")(1-x")

=(1-Y

l+x x

—x 1
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Hence, the given result is proved.
Question 13:

By using properties of determinants, show that:

1+a* -b 2ab -2b
2ab 1—a® +b° 2a =(I+a: +bz);
2b -2a 1-a* -4
Answer
l+a’ -b’ 2ab -2b
A= 2ab 1-a'+b°  2a
26  -2a 1-a* - b

Applying Ry — Ry + bRy and R; — R; — aR;, we have:

l+a’ +b° 0 —b(l+a’+b3)
A=|0 l+a” +b° a(l+a1+b1)
2h -2a l-a —b
1 0 -b
=(I+a3+ﬁz)20 I a

2b 2a l-a -p

Expanding along Ry, we have:

A=(1+d +57) [{I)

(et ) [1-a* =+ 20 -b(-20)]

o

-

1
2a l-a'-¥F

:{I+a:+bz)z(l+a:+b:]

={I+,':.c2+:'1:}J

Question 14:
By using properties of determinants, show that:
a+1 ab  ac
ab b +1 be | =l+a’+b +¢
ca ch ¢’ +1
Answer
a +1 ab ac
A=lab b +1 be

ca ch e’ +1

Taking out commaon factors a, b, and ¢ from Ry, Rz, and R3respectively, we have:

a+— b c
a
A=abcla ,.5;.,.1 c
b
|
a b c+—
c
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Applying R; — Rz — Ryand R; — Rz — Ry, we have:

.ul+l b c
¥ ]
.d=abc—l ! 0

a b
o,
a c

Applying C; — aC;, C;— bC, and C3 — cCy, we have:

a+l b ¢’
ﬁ=abch—l 1 0
a
-1 0 |

a+1 b ¢

Expanding along Ri, we have:

b’ ¢l lat+1 B
+1
1 0 -1 1

=—1(—::3}+{¢:.r2+I+b3)=l+a3 +b* 4+

Hence, the given result is proved.

Question 15:

Choose the correct answer.

Let A be a square matrix of order 3 x 3, then |M| is equal to

AL k|A| B. Kk’

A o Kl 3k|A

Answer
Answer: C

A is a square matrix of order 3 = 3.
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Letd=|a, b, e

a4 b, <
ka, kb, ke,
Then, kd=|ka, kb, ke, |.
ke, kb, ke,
ka, kb, ke,
lkd|=ka, kb, ke,
ka, kb, ke,
4, | G
=k'la, .G (Taking out common factors & from each row)
ay ) &y
=k'|A
kA= kA

Hence, the correct answer is C.

Question 16:

Which of the following is correct?

A. Determinant is a square matrix.

B. Determinant is a number associated to a matrix.

C. Determinant is a number associated to a square matrix.
D. None of these

Answer

Answer: C

We know that to every square matrix, A= [au]of arder n. We can associate a number

- + ath
called the determinant of square matrix A, where a = {r,;} element of A.
Thus, the determinant is a number associated to a square matrix.

Hence, the correct answer is C.
Exercise 4.3

Question 1:

Find area of the triangle with vertices at the point given in each of the following:
(i) (1, 0), (6, 0), (4, 3) (ii) (2, 7), (1, 1), (10, 8)

(iii) (-2, =3), (3, 2), (-1, —8)

Answer

(i) The area of the triangle with vertices (1, 0), (&, 0), (4, 3) is given by the relation,

10 1

f_\.:lﬁ 01
2

4 3 1

:%[1(0—3)—0[6—4)+ 1(18-0) ]
= %[-3+ 18] =§ square units

(ii) The area of the triangle with vertices (2, 7), (1, 1), (10, 8) is given by the relation,
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10 8 1

=%[2{1—3]—7{1—IO)+]{8—IO]]
:%[2{-?}-?[—9}+I(-2}]
=%[—|4+ 63-2] =%[—16+63]

7 .
=? square units

(iii) The area of the triangle with vertices (-2, —3), (3, 2), (-1, —8)

is given by the relation,

I -2 -3 1
ﬂ:i 3 21
-1 -8 1

:%[—2(2+3]+3(3+1}+1(—2‘”2”

=3 [-200)+3(8)+1(-22)]
=2 [-20+12-22]

_Ez
2

-15

—15| =15 square units
Hence, the area of the triangle '|s| | 4 .

Question 2:

Show that points

A(a,b+c).B(bc+a),Cle,atb), o oiinear

Answer
Area of AABC is given by the relation,

a b+c 1
ﬂa:%b c+a |1
c a+bh 1
a b+e |1
=%b—a a—b (ApplyingR, >R, -R, andR, >R, -R))
c—a a-c
a b+c 1
=%(u—b}(¢'—u]—l 10
1 =1 0
a b+e 1
=%(a—b}{c—a] -1 1 0 (ApplyingR, - R, +R,)
0o 0 0
=0 (All elements of R, are 0)

Thus, the area of the triangle formed by points &, B, and C is zero.
Hence, the points A, B, and C are collinear.
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Question 3:

Find values of k if area of triangle is 4 square units and vertices are

(1) (k. 0), (4, 0), (0, 2) (i) (=2, 0), (0, 4), (0, k)

Answer

We know that the area of a triangle whose vertices are (x3, y1), (%2, ¥2), and

(x3, yz) is the absolute value of the determinant (A), where

I x oy |
A= E X, Vs 1
x|

It is given that the area of triangle is 4 square units.

2=+ 4,

(i) The area of the triangle with vertices (k, 0), (4, 0), (0, 2) is given by the relation,
k01
l 4 01
2 0 21
ﬂ =
1
:5[;¢(u—2)—u(4—n)+|fa—n}]

=%[—2&+s]=—g+4

a—k+4==%4

When —k+4 =—4, k=8,
When -k+4 =4, k=0.
Hence, kK = 0, 8.
(ii) The area of the triangle with vertices (-2, 0), (0, 4), (0, k) is given by the relation,
-2 01
o a4

A= 0 k1

[-2(4-;.-]]

-4

T b | -

k—4==x4

Whenk —4=—4, k=10.
Whenk —4=4,k=8.
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Hence, kK = 0, 8.

Question 4:
(i) Find equation of line joining (1, 2) and (3, €) using determinants
(ii) Find equation of line joining (3, 1) and (92, 3) using determinants
Answer
(i) Let P (x, y) be any point on the line joining points A (1, 2) and B (3, &). Then, the
points A, B, and P are collinear. Therefore, the area of triangle ABP will be zero.
1 21
3 6 1=0
x y 1

19 | —

|

=— 6—y)-2(3—x)+]1(3y—06x)|=0
S[1(6-5)-2(3-x)+1(3y-6x)]

= 6-y=-06+2x+3y-06x=0

= 2y—4x=10

= y=2x

Hence, the equation of the line joining the given points is y = 2x.

(ii) Let P (x, y) be any point on the line joining points A (3, 1) and

B (9, 3). Then, the points A, B, and P are collinear. Therefore, the area of triangle ABP

will be zero.
| 3 1 1
=9 3 1=0
2
x y |

:%[3(3—_1-}—|(9—I)+|(9_}'—3x)]= 0

=9=-3y=9+x+9y-3x=0
=6y-2x=10
=>x-3y=0

Hence, the equation of the line joining the given points is x — 3y = 0.
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Question 5:

If area of triangle is 35 square units with vertices (2, —€), (5, 4), and (k, 4). Then kis
A.12B.-2C.,-12, -2 D, 12, -2

Answer

Answer: D

The area of the triangle with vertices (2, —6), (5, 4), and (k, 4) is given by the relation,

2 -6 1
.ﬁ=l5 4 1
k4 1

=%[2{4_4}+6[5—k)+l(2[]—4k]]

= I—[3ﬂ—6k +20 - 4k]
2

= l[SO—IUk]

2
=255k

It is given that the area of the triangle is £35.

Therefore, we have:

= 255k =435
=5(5-k)=4+35
=5-k=417

WhenS5—-k=-7,k=5+7=12.
When5-k=7,k=5-7=-2.

Hence, k= 12, -2,

The correct answer is D.

Question 1:

Write Minors and Cofactors of the elements of following determinants:

2 -4 a c
W0 3wt 4
Answer

(i) The given determinant is 0

Minor of element a; is M,

~Mi1 = minor of element a11= 3

Mji> = minor of element 312 =0

Mz; = minor of element 3;; = —4

M, = minor of element 3, = 2

Cofactor of a; is Ay = (—1)' 7 My

Exercise 4.4
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sAg = (1)1 My = (-1)2(3) =3

Az = (1) My = (-1)* (0) =0
Az = (—1)" My = (-1 (-4) =4
Ay = (—1) 2 My = (-1)*(2) = 2

a c

(ii} The given determinant is

Minor of element a; is My.

=My = minor of element ay; = d

Miz = minor of element g12= b
Ms2; = minor of element 821 = ¢
My, = minor of element a,, = a

Cofactor of a;is Ay = (=1) *7 My

s = (-1 My = (-1 (@) =d

A= (1) My = (-1)* (b) = -b
Agp = (—1)** Mg = (-1)° (c) = —c
Az = (=10 My =(-1)(a)=a

Question 2:

100 10 4
010 35 -1
L1001, |0
(1) (i)

Answer

01 0
0

(i) The given determinant is 01 .

By the definition of minors and cofactars, we have:

1 0
=1
Mi; = minor of a31=
0 0
=0
M1 = minor of a1.= !
0 1
=0
Mz = minor of 813 = 00
0 0
=0
Mz; = minor of a;4 = I
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] ﬂ‘
=1

M2z = minor of a;; =

1 0
o ~°
Maz3 = minor of a;3 = 0
0 0 3
) 0
Msz; = minor of az=
1 0
=0
M5, = minor of 83, = 0 0

10
|

M3z = minor of a:3 =
Ay = cofactor of @g= (—1)""' My = 1

Agz = cofactor of @z = (—1)12 My

Az = cofactor of @z = (1) Mgz =
Az = cofactor of @y = (=121 My, =

Az = cofactor of @, = (—1)**% My, =

A3y = cofactor of @31 = (—1)**! M3, =
Az = cofactor of @zz = (—1)°%2 M3z =
Ay = cofactor of @33 = (—1)%%3 Myg =

4

= W =
- o

0
0
0
1
Az; = cofactor of a3 = (—1)*** Ma3 = 0
0
0
1
|
2

(ii) The given determinant is

By definition of minors and cofactors, we have:

5 -l
) =10+1=11
Mi; = minor of a;1= -
3 -
=6-0=6
Miz = minor of 8=
3 5
‘=3—D=3
Miz = minor of 8413 = 1
]
Mz1 = minor of 8,1 =
1 4
5 =2-0=2
M2z = minor of 822 = 0
1 0‘
=|-0=
Mz3 = minor of 8,3 = I
0 4
) =0-20=-20
M3, = minor of a;= 5 -l
1 4
‘:—I—12=—13

) 3
M3z = minor of 832 =
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.q‘

M3z = minor of 833 =

Ay; = cofactor of ag,= (—1)"* My, = 11

Aqz = cofactor of agp = (—1)12 Mz =
Aqz = cofactor of ag3 = (—1)*3 Mys =
Agy = cofactor of az; = (—1)%™ Mgy =
Az = cofactor of @z = (—1)%"2 Map =
Bs3 = cofactor of @z3 = (—1)%%F M3 =
A5y = cofactor of @3 = (—1)3* My, =
Az = cofactor of @32 = (—1)°*? M3z =

Az; = cofactor of @33 = (—1)°"? M3z =

Question 3:

-6

T

uh

A= 2

Using Cofactors of elements of second row, evaluate

Answer
5 3 8
2 01
The given determinant is 123 .
We have:
3 8
. 3:9—[6:—?
Mz = 17

=8z = cofactor of @1 = (—1)%" My

=7

0

[
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': :‘=Iﬂ—3=1
Mp=

Az = cofactor of 3 = (=1 Mg = =7

‘We know that A is equal to the sum of the product of the elements of the second row

with their corresponding cofactors.

b = Ay fyy + APy + Ay = 2TV # 0(7) # U=T) =14 =7 =7

Quastion 4:

Using Cofactors of elements of third column, evaluate

Answer

BHoOm
<]

The given determinant is .
We have:

1 ,}:hp
H;;-l | i
1 -
Huil j o

1 JJ'-'" g
H::=1

abgyw cofactor of ag = (—1)"" My = (2 = ¥)

Ag = cofactor of ay = (-1 My = - (z-x) = (x - 2)

Ay = cofactor of 3y, = (=1)% My = (¥ - x)

We know that A i equal to the sum of the praduct of the elements of the second row

with their correspanding cofactors.

Slom dpy Hanfy iy
=ye(z-y)ra{x-z)rar(y-x)
=y'-yrex'z-a' vyt -2y
-[:’:- f:]«-[;:"*n'j#{g:’—:’y]
=z(x -y a2 (y-2)+ 20(¥-x)
=z(x-y)x+p)es’ (y-x)rov(y-x)
-[:~_}'][:r+:y~:’ —zy]
=(x-y)2(x-2)+ y{z-x)]
=(x-y)(z- :}l-: +_;I'}
=(x-y)y-zlz-x)

—— Asm(x=w){p-z)z-x).

Question 5:

For the matrices A and 8, verify that (48)' = 4 where

A=| 4| B=[- 2 1]
(i 2
0
A=jl ..ﬂ's['l 5 T]
(i) A
ANsSwWer
(i) 1 =] 2
AB=|—4l-1 2 1= 4 -8
3 -3 t

e

I
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-1 4 3
.~.(.m}'=[z -4 a]

1 -4 3

-
Now, A'=[I -4 3].:-[ zl

Hence, we have verified thai {JE:I' = A

(i)
0 L [ R
Ag={1[ 5 7= - |
2 2 0 M
0o 2]
S4B =fo 5 0
0T 4]
I
Now, 4 =[0 1 2).B=|5
7
! 0 2
LBAL=\5ll0 1 2=[0 5 10
7 07T 4

Hence, we have verified that { AB) = B,

Exercise 4.5

Question 1:
Find adjoint of each of the matrices.

1 2
i
Answer
| 2
I..-:I..I'l|:3 ‘}
We have,
Ay = Ay = =3 Ay == Ay =]

el H

Queastion 1:
Find adjoint of each of the matrices.

X

Answer
| -1 2
Letd=|2 3 5l
=2 o |
We have,
3
.‘.-n I’|-3-nl]
B4
,.‘I,m-—-__2 Ii-—'ld-]ﬂj-—lz

.|l“=:2“l| ?J:ﬂ+ﬁ=ﬁ
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“n:‘tf J|-1-0)-
_1‘__.‘.'_1 ﬂ-]+-ﬁ.’

1 =1
el Ne-(o-2)e2

,4,,-—‘2 j-—{s—ﬂ-—r

A, = I: =34+2=5
A, Ay Ay 3 ! =1
Hence, adjid=| 4, A, 4, |=[=12 3 =1
Ay Ay Ay B E 5
Question 3:

‘-’ﬂﬂ-‘l&d}-‘}lﬂiﬂﬂﬂ}*"mi-
F 3
[ 4
Answer
2 3
3
we have,
H|——IZ—{—12]=—!2+1:-0

:.I-ﬂ"'"[L '.'HE 3]

Maow,

Ay =64, =4 4 =-3 A, =1
) -6 -3
--“i“'[‘ 1]

Now,
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w28 )
Lol
Alsa_.(aajff*)f"{_f _ﬂ[—j —ﬂ

[-12+12 ~18+187 [0 0
o8-8 12-12] |0 0

Hence, A(adjd) = (adjd) A= |A|l.

Question 4:

Verify A (adj A) = (adj A) A = |A|.i' .

1 -1 2
3 0 -2
0 3
Answer
1 -1 2
A=|3 0 -2
1 0 3
A =1(0-0)+1(9+2)+2(0-0) =11
I 0 0] |11 0 0
~lAlr=1110 I 0f=|0 o
0 0 I 0 0 11
Now,

4,=0,4, =_(9+2)=-1 l,4,=0
Ay =—(-3-0)=3,4,=3-2=1,4,, =—(0+1)=-1
Ay, =2-0=2,4,,=—(-2-6)=8,4,=0+3=3

0 3 2
sadid=|-11 1 8
0 -1 3
Now,
1 -1 2770 3 2]
A[ad;;d): 3 0 =2|-11 1 8
| 0 3|0 -1 3]
0+11+0 3-1-2 2-8+46]
=|0+0+0 0+0+2 64+0-06
[0+0+0 3+0-3 2+0+9]
11 0 0
=0 11 0
0 0 11
Also,
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lo 1 3] o 3]

0+942 04+0+0 0-6+6
=|-11+3+8 11+0+0 -22-2+24
0-3+43 0+0+0 0D4+249
11 0 0
=0 11 0
0 0 11

Hence, A(adjd)=(adjd) A=|A|l.

Question 6:

Find the inverse of each of the matrices (if it exists).

N

Answer

etd=|
-3 2f

we have,

Al=-2+15=13

Now,

Ay =24, =3, 4, =5, 4, =-1

soadid = [2 _S}

3 -1
2 —
A =imf;,1 -— :
A7 133 -1

Question 7:

Find the inverse of each of the matrices (if it exists).

I 2 3
0 2 4
0 0 5
Answer
2 3
LetA=|0 2 4
0 5
We have,
|4 =1(10-0)-2(0-0)+3(0-0)=10
Now,

4,=10-0=10,4,=-(0-0)=0,4,=0-0=0
Azl =_{|0_ﬂ}=_]0-|42: =5_0=5-A:_1 =_{U_D)
A, =8-6=2,4,=-(4-0)=-4,4,=2-0=2

0

10 -10 2
Soadid =0 5 -4
0 0 2

32/102



10 -10 2
| 1

.'.A'=jadf.4=mﬂ 5 -4
g 0 0 2

Question 8:

Find the inverse of each of the matrices (if it exists).

1 0 0
3 3 0
5 2 -1
Answer
1 0 0
Letd=|3 3 0
5 2 -1
We have,
|4 =1(-3-0)-0+0=-3
Now,
A, =-3-0=-3.4,=-(-3-0)=3,4,=6-15=-9
A, =—(0-0)=0,4,, =-1-0=-1,4,, =—(2-0) = -2
A, =0-0=0,4,=-(0-0)=0,4,=3-0=3
-3 0 0
soadid=| 3 -1 0
-9 =2 3
-3 0 0
A ‘—|;|aqﬁd==— 3 -1 0
-9 -2 3

Question 9:

Find the inverse of each of the matrices (if it exists).

2 1 3
4 -1 0
-7 2 |
Answer
2 1 3
Letd=|4 -1 0.
=7 2 1
We have.

|4|=2(-1-0)-1(4-0)+3(8-7)
=2(-1)-1(4)+3(1)
=-2-4+3
=-3

Now,

Ay =-1-0=-1,4,=-(4-0)=-4,4,=8-7=1

Ay =—(1-6)=5,4,=2+21=23,4,,=—(4+7)=-11
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A, =043=34,=-(0-12)=12,4,=-2-4=-6

-1 5 3
Soadid=| —4 23 12
1 -11 -6
-1 5 3
soA '=iaa;=‘A=-l -4 23 12
|A| 3 | -11 -6
Question 10:

Find the inverse of each of the matrices (if it exists).

1 -1 2
0 2 -3
3 -2 +
Answer
1 -1 2
Letd=[0 2 =3
3 -2 4

By expanding along C,, we have:

|4 =1(8-6)-0+3(3-4)=2-3=-1

Now,
A4,=8-6=2,4,=-(0+9)=-9,4,=0-6=-6

Ay =—(-4+44)=0,4,=4-6=-2,4,, =—(-2+3)=-1
Ay, =3-4=-14,=—(-3-0)=3,4,,=2-0=2
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Soadid=| -9 =2
-6 -1
2 0 -1 -2 0 |
A" =~ adid=-| -9 -2 =9 -3
-6 -1 6 1 -2
Question 11:

Find the inverse of each of the matrices (if it exists).

1 0 0
0 cosa sina
0 sinad  —cosa
Answer
1 0 0
letd=|0 cosa sina
0 sing  —cosa
We have,
|4 =1(~cos” @ —sin’ & ) = —(cos” @ +sin’ @ ) = -1
Now,
A, =-cos’a-sina=-1,4,=0,4,=0

A,,=0,4,, =—cosa,4,, =—sina

A, =0, 4,, =-sina, A, = cosa

-1 0 0
sadid=|0 - oS —sin
0 —sine cosa
-1 0 0 1 0 0
LA = L-ad;‘.é=— 0 —cosa —sina |=|0 cosa sina
0 —sine cos 0 sing  —cosa

Question 12:

p [3 ?} 2 [ﬁ 3]
= = U ol gl
Let 2 > and / 9 . Verify that {AB} =B A

Answer

3 7
Let A= :

2 5
We have,
Al=15-14=1

Now,
Ay =54y =-2,4y =-T7,4y =3
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-2 3
1 5 -7
A= —-adid=
A [—z 3]
6 8
NﬂWJﬂ3=[ }
7 9
We have,
B =54-56=-2
q !
-7 6
9
-Z 4
9 —
“B'= ) agp=-1 8. 2
B 2| -7 6 74
2
Now
9
- 4
5 -7
B_Iu‘i_l= 2 [ ]
7, -2 3
2
45 g 63 |, 61 87
_| 2 2 | 2 2 )
35 ¢ Y B A
2 2 2 2
Then,
5 3 716 8
2 5|7 9
[18+49 24+ 63
12435 16+ 45
[67 87
147 6l
Therefore, we have AR =67x61-87x47 = 4087 - 4089 = -2,
Also,
61 87
adil AB)=
q }[—4? 6?]
S 161 -87
AB = d 43 = =
(45) |.-m“{ ) 2{—4? 6?]
61 87
2 2
- - = 2
47 67 @
2 2

From (1) and (2), we have:
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(AB)™' = Ba™?

Hence, the given result is proved.

Question 13:

3 1
Az[ ] :
If -1 - , show that 4" —34+71 =0 Hence find4 .

a3y et 2] [ s
TN a2l 2 s3-2 c1s4| s 3

AP =54+71

2 P RS P
15 SHE W 7]
o P A &

Hence, A* —~54+71 =0,
LAA=-54=-T1

= A A(A™)- 544" = -T14" [ Post-multiplying by 4™ as [ 4] =0]
= A(AA")-51=-74"
= Al 51 =-74"

= A" =—%{A‘—51)

— A = %(51 —A)

L 12 -1
701 3
Question 14:
3 2
For the matrix ! I , find the numbers a and b such that A + 3A + bl = O.
Answer

.-.,43=|-3 2"[3 2]2[%2 6+2'|=|'II 3'|
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|1 1|
Now,
A +ad+bl =0

1] [3+1

= (AA) A +adA™ +bIA" =0
= A(AA")+al +b(147")= 0

= Al+al +bA”"' =0
= A+al =-bA"
= A" = —é{d +al)

Now,
I
|

A=
|

aa:::4=:[

We have:

L0

2+1] |4 3|

[Posl—mulliplying by A" as |4 :&D]

~3-a 2
a O 1|3+a 2 | b )
0 af) b1 l4+a] | 1 -1-a

b b

Comparing the corresponding elements of the two matrices, we have:

—l:—I::ab=]

-3—-a

b

=l=-3-a=1=a=-4

Hence, —4 and 1 are the required values of a and b respectively.

Question 15:
1 1
A=|1
For the matrix 2
A_i'
Answer
1 1 1
A=|1 2 -3
2 -1 3
I | |
A’:{ 2 -3
2 -1 312
I+1+2 1+2-1
=[1+2-6 1+4+43
2-1+6 2-2-3

2

1
-3

show that A* — 64% + 54 + 11 I = O. Hence,

2 -3

-1 3
1-3+3 4 2 1
1-6-9 |=| -3 -14
2+3+9 7 -3 14
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4 2 11 1 1
A=A A=|-3 8 ~14/1 2 -3
7 -3 14 |2 -1 3
(44242 4+4-1 4-643
=|-3+8-28 -3+16+14 -3-24-42
| 7-3+28 T-6-14 7+9+42
8 7 1
=|-23 27 —69
32 -13 58
LA —6AT+5A+1U
8 7 1] 4 2 1 1
=[-23 27 -69|-6|-3 8 -14 |+35|1
32 =13 58 7 -3 14 2
8 7 1 1 [24 12 6 1[5
=[-23 27 -69|-|-18 48 -84 |+|5
32 -13 58 | |42 -18 84 | |10
[ 24 12 61 [24 12 6
=[-18 48 —84|-|-18 48 -84
42 -18 84 | [42  -I8 84 |
0 0 0
=0 0 0|=0
0 0 0

Thus, A" =64" +54+11/ =0.
Now,
A —6A +544111 =0

= (A44) A" -6(AA) A 45447 +11147" =0

= AA(A4)-6A4(A4")+5(A4 ") =-11(14")

= A =6A+51=-114"

= A '=—%(A*—6A+5f)

Now,

A —6A+51
[ 4 2 1] N

=|-3 8 ~14 |-6[1
7 -3 14 |2
[ 4 1 ] [6

=|-3 8 ~14|-|6
7 -3 14 12
9 2 1 ] 6

=[-3 13 -14|-6
7 =3 19 | |12
2 A 1l

A1)

1 I
2 -3|+5/0
-1 3] |0
6 6 5
12 =18 |40
-6 18] [o
6 6 |
12 -18
~6 18

1 1 1 0 0

2 =3 |[+11{0 1 0

-1 3 0 0 1
5 5 11 0 0
10 =15{+|0 11 0

[Past-muluplying by A" as |4 = 0]
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% —ur

=|-9 1 R
-5 3 1
From equation (1), we have:
3 -4 -5 -3 4 5
A"=—L -9 1 4 L 9 -1 -4
11 11
-5 3 1 5 |
Question 16:
2 -1 1
A=]-1 2 -1
If I - . verify that A* — 64% + 94 — 4] = O and hence find A™"
Answer
2 -1 1
A=]-1 2 -1
1 -1 2
2 -1 1 2 -1 1
A’=|:—I 2 —1|-1 2 -1
I -1 201 -1 2
4+1+1 -2-2-1 2+142
=|-2-2-1 I+4+1 -1-2-2
[.’!+I+2 -1=-2-2 l+1+4
6 -5 5
=!—5 6 -5
3 -5 6
6 -5 5[ 2 -1 1
A=A A=|-5 6 -5 -1 2 -1
5 -5 6 1 -1 2
[12+5+5 -6-10-5  6+5+10
=|=10-6-5 5+#12+5 -5-6-10
[10+5+6 -5-10-6  5+5+12
(22 21 21
=|=21 22 =21
21 =21 22
Now,
A =64 +94-4]
22 =21 21] [e -5 5] 2 -1 1 1 0 0
=|=21 22 =21|-6|-5 6  =5|+9|-1 2 -1|-4{0 | 0
121 =21 22| |5 -5 6 | 1 -1 2 0 0 1
22 21 21l [3 =30 307 [18 -9 9 4 0 0
=|=21 22 =21|-|=30 36 -=30|+|-9 18 =9 (={0 4 0
1 =71 e N )] A 4] s | [} N n A
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L=t =t esgoLvv wvoowv L s vy v "l
40 =30 30 40 =30 30 0

=-30 40 =30 |-{-30 40 -30|=|0 0 0
30 =30 40 30 =30 40 0

LA =64 +94-4] =0

Now,
A 64" +94-4] =0
= (AAA) A" =6(AA) A" 4944 =4iA ' = O [ Post-multiplying by A4~ as 4| # 0]

= AA(AA)-6A4(A4")+9(A44 ") =4(14")
= AAl -6A1 +91 =44
= A" -64+91=44"

1 | z
=4 =Z(A ~64+91) (1)
A =64+91
6 -5 5 2 -1 1] o 0 0
=|-5 6 -5[-6/-1 2 -1{+9/0 0 0
s =5 6] [1 -1 20 0o 0 0
6 -5 s5][2 -6 6][9 0 o0
=-5 6 -5[-|-6 12 -6[+f0 9 0
s 5 6]|6 -6 12][0 0 9
R 1]
=1 3 I
-1 3

At =1
4
S

Question 17:

adjA|

Let A be a nonsingular square matrix of order 3 = 3. Then is equal to

Al g 145 ¢ 14 314

A. B.
Answer B
We know that,

4 0 0
(adjd)A=|A41=|0 A4 0
0 0 |4

41/102



| u u
=ladid|4|=14j0 1 0 =|4(r)

0 0 1
~|adjd| = |4

Hence, the correct answer is B.

Question 18:

If A is an invertible matrix of order 2, then det (A7) is equal to

A. det () B. %4 1p o

Answer

A existsand 4™ =—Iaaf,t'A.

since A is an invertible matrix, ‘A|
As matrix 4 is of order 2, let A = |:a' b}.
c d
d ~b
Then, |4 = ad - be mdaajmz[ }
-c a
Now,
e -h
1 A |A|
1" =—adjd=
|4 < a
EE
d -b
{ A d h
.|A—l_| | | | l., _ Iz(ﬂd-b("]: 1.,|I'— |
—¢ al |4 |-c al Al A A
Ei A
1
sodet(A)=
)= 4

Hence, the correct answer is B.
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Exercise 4.6

Question 1:

Examine the consistency of the system of equations.

X+ 2y=2

2x + 3y =3

Answer

The given system of equations is:

X+ 2y=2

2x + 3y =3

The given system of equations can be written in the form of AX = B, where

oy sprep ]

Now,

A=1(3)-2(2)=3-4=-1%0

~ A is non-singular.

Therefare, A™! exists.

Hence, the given system of equations is consistent.

Question 2:

Examine the consistency of the system of equations.

2x —y=5

xt+ty=4

Answer

The given system of equations is:

2x —y=5

xt+ty=4

The given system of equations can be written in the form of AX = B, where

e

Now,
Al=2(1)-(-1)(1)=2+1=3#0

=~ A is non-sinaqular.
Therefore, A™! exists.

Hence, the given system of equations is consistent.
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Question 3:

Examine the consistency of the system of equations.
X+ 3y=5

2x + 6y = 8

Answer

The given system of equations is:

X+3y=5

2x + 6y = 8

The given system of equations can be written in the form of AX = B, where

el

Now,
A = 1{6}—3{2}=6—6:U

=~ Ais a singular matrix.

Now,
(adjd) = {_ﬁz ‘]3 }
aon{s T

Thus, the solution of the given system of equations does not exist. Hence, the system of

equations is inconsistent.

Question 4:

Examine the consistency of the system of equations.
XxX+y+z=1

2x+3y+22=2

dax + ay + 2az =4

Answer

The given system of equations is:

X+y+z=1

2x+3y+2z=2

ax+ay + 2az=4

This system of equations can be written in the form AX = B, where

| | | X 1
A=|2 3 2 L X=|y|andB=|2]|.
d a 2a z 4

Now,
A =1(6a-2a)-1(4a-2a)+1(2a - 3a)

=da-2a-a=4a-3a=a=0
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~ A is non-singular.

Therefore, A~ exists.

Hence, the given system of equations is consistent.
Question 5:

Examine the consistency of the system of equations.

3x—y-—-2z=2

2y —z=-1
3x — 5y =3
Answer

The given system of equations is:
X —y—-22=2

2y —z=-1

3x — 5y =3

This system of equations can be written in the form of AX = B, where

3 -1 -2 x 2
A=|0 2 1. X=|y|andB=|-1)|.

3 -5 0 z 3
Now,

A=3(0-5)-0+3(1+4)=-15+15=0

=~ A s a singular matrix.

Now,
-5 10
(adjd)=|-3 6
= 12
-5 10 S 2 =10-10+15 -5
.'.{m@'f.-!)B: -3 6 lf-1|=|-6-6+9 =|-3|#0
~b 12 6l 3 -12-12+18 —6

Thus, the solution of the given system of equations does not exist. Hence, the system of
equations is inconsistent.
Question 6:

Examine the consistency of the system of equations.
Sx—y+4z=5

2x + 3y +5z=2

Sx -2y +6z=-1

Answer

The given system of equations is:

Sx—y+4z=5

2x + 3y +5z=2
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Sx — 2y +6z=-1

This system of equations can be written in the form of AX = B, where

5 -1 4 x 5
A=|2 3 S5 X=|y|landB=| 2|

5 -2 6 z |
Now,

|A| :5{]8+ l(}}+l{12—25)+4(—4—15}
=5(28)+1(-13)+4(-19)
=140-13-76
=51=0

~ A is non-singular.

Therefore, A™! exists.
Hence, the given system of equations is consistent.

Question 7:
Solve system of linear equations, using matrix method.

Sx+2y=4
Tx+3y=5
Answer

The given system of equations can be written in the form of AX = B, where

5 2 x 4
A= X = and B=| |.

7 3 y 5
Now, |4 =15-14=1=0,

Thus, A is non-singular. Therefore, its inverse exists.

Now,
|
A =~ (adjd)
gl
o = 3 =2
-7 5
-
X=A"'B= 3 24
-7 515
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Hence, x =2 and y = -3.

Question 8:

Solve system of linear equations, using matrix method.

2x—y=-2
3x+4y=3
Answer

The given system of equations can be written in the form of AX = B, where

el

Now,
A=8+3=1120
Thus, A is non-singular. Therefore, its inverse exists.
Now,
4 |
A'= I—crd,:'A = i
|A| ' 11]-3 2

vo g L[4 12
-3 23

- x| 1 -8+3 _L =1 _ﬁ
vy 16+6 | 12| | 12

Hence, x = - and y = 12.
11 11

Question 9:

Solve system of linear equations, using matrix method.

4x-3y=3
Jx=5y=17
Answer

The given system of equations can be written in the form of AX = B, where

i bl

Now,
A=-20+9=-1120

Thus, A is non-singular. Therefore, its inverse exists.
Now,
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Hence, x = 6 and y = -]9.
11 11

Question 10:

Solve system of linear equations, using matrix method.

Ex+ 2y =3
Ix + 2y =5
Answer

The given system of equations can be written in the form of AX = B, where

3 e

Now,
A=10-6=4%0

Thus, A is non-singular. Therefore, its inverse exists.

Question 11:

Solve system of linear equations, using matrix method.

2x+y+z=1
1‘—21;—::i
2
3py-5z=9
Answer

The given system of equations can be written in the form of AX = B, where
I

2 | 1 R
A=|1 -2 -1, X=|yv|and B= E

0 3 -5 z 9
Now,

A =2(1043)=1(-5-3)+0=2(13)-1(-8) =26 +8 =34 # 0

Thus, A is non-singular. Therefore, its inverse exists.
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Now, 4,=13,4,=5,4,=3
Ay =84y, =-10,4, =6
Ay =1,4;,=3,4;=-5

13

Lo |
A'=—(adid)=—| 5
(adjd)=2

4

13
X=A"B=ﬁ 5
3

x 1341249

=|y =L 5-15+27

7 34

z 3-9-45

(34 !

=ﬁ 17 |= %

51 | C

Hence,x =1,y =]§. and z =-=,

Question 12:

Solve system of linear equations, using matrix method.

X—y+z=

4

2x +y—3z=10
X+y+z=2

Answer

The given system of equations can be written in the form of AX = B, where

Now,

Al =1(1+3)+1(2+3)+1(2-1)=4+5+1=10=0
Thus, A is non-singular. Therefore, its inverse exists.
Now, A“ =4..4,3 =—5.Au =1

Ay =2,4, =04, =-2

A_“ = E,An = S.»I_,,_1 =3

-1 1

1 3. X=

1 1

3

=10
-6

[ 4

[ ] L‘: =

8
-10

[~

O | -

-3

and B=|0|.

2]
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2 24
',.t’zﬁ'ﬁ‘—i =5 0 5010
3112

10 , -
x 16+0+4
v|=—|-204+0+10
| 4+0+6
[ 20
=—| =10
10

Hence,x=2.y=-1, and z =1.

Question 13:

Solve system of linear equations, using matrix method.

2x+3y+3z=5
X—2y+z=-4
Ix —y—2z2=23
Answer

The given system of equations can be written in the form AX = B, where

2 3 3 X 5
A=|1 -2 | X =|yland B=| 4|

3 -1 -2 z 3
Now,

A| = 2{4+])—3(—2—3}+3{—I+ﬁ} = 2(5}—3{—5}+3{5): 10+15+15=40=0
Thus, A is non-singular. Therefore, its inverse exists.
Now, 4, =54,=54,=5

Ay, =3, 4,, ==13,4,, =11

A, =94, =14,=-7

, , 5 3 9

SAT =m(anj,4]=— 5 -13 1
5 11 -7
Me 4 n 1Me 7
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25-12427
=1 55043
25— 44-2]

r.- ™

11

-7
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Hence.x=1l.v=2.andz=-1.
Question 14:

Solve system of linear equations, using matrix method.

XxX—y+2z=7

3x + 4y — 5z = -5

2x —y +3z=12

Answer

The given system of equations can be written in the form of AX = B, where

| -1 2 x 7
A=|3 4 -5|.X=|y|landB=|-5 |.

2 -1 3 z 12
Now,

|4 =1(12-5)+1(9+10)+2(-3-8)=7+19-22=420
Thus, A is non-singular. Therefore, its inverse exists.
Now, 4,=7,4,=-19,4,=-11

A, =L4,=-1,4,=-1

A, =-3,4,=11,4,=7

7 1 -3
A"zﬁ(mﬂﬂ):% -19 -1 11
=11 -1 7
7 | =37
.'.)f:.»i"B:l -19 -1 11| -5
4 =11 -1 7112
x [ 49-5-36
=y . =133+5+132
z 4_ ~77+5+84
8 2
=l 4 =1
4_12 3

Hence,. x =2, y=1,and z =3.

Question 15:

Fa - - "
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Z -3 5
A=|3 2 —4
I I -2

If , find A7%. Using A™! solve the system of equations
2x=3y+5z=11
3x+2y-4z=-5

X +y-2z=-3

Answer
2 35
4=|3 2 4
1 1 2

.*.|.4|=2{—4+4)+3{—6+4]+5{3—2}=ﬂ—6+5=—|;t{}
Now, 4, =0, A, =2, 4, =1

Ay =-1,4,=-9,4,,=-5

Ay =2, 4, =23, 4, =13

0 -1 2 0 1 -2
',A4=>%{amﬂ}=— 2 -9 23|=|-2 9 -23 (1)
| =5 13f |-1 5 -13

Mow, the given system of equations can be written in the form of AX = B, where

2 -3 3 x 11
A=|3 2 4. X=|yland B=|-5|.
1 1 -2 z -3
The solution of the system of equations is given by X = A'B.
X=4'B
x 0 1 =2 || 11
>lyl=[2 9 -23]|-5 [Using (1)]
z -1 5 —13|| -3
[ 0-5+6
=-22-45+69
| -11-25+39
1
=2
3

Hence,x=1, y=2, andz =3.

Question 16:

The cost of 4 kg onion, 3 kg wheat and 2 kg rice is Rs €0. The cost of 2 kg onion, 4 kg

wheat and € kg rice is Rs 90. The cost of 6 kg onion 2 kg wheat and 3 kg rice is Rs 70.

Find cost of each item per kg by matrix method.
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Answer

Let the cost of onions, wheat, and rice per kg be Rs x, Rs y,and Rs z respectively.
Then, the given situation can be represented by a system of equations as:
4x+3y+2z=60

2x+4y+62=90

6x+2y+32=T70

This system of equations can be written in the form of AX = B, where

4 3 2 X 60
A=|2 4 6|.X=|y|land B=|90 |
6 2 3 z 70

|4 =4(12-12)-3(6-36)+2(4-24)=0+90-40 =50 £ 0
Now, A, =0,4,=30.4,=-20

A, =-5,4,,=0,4,, =10

A, =10, 4, =-20,4,, =10

0 -5 10
sadid=| 30 0 =20

MNow,
X=A"1'B
0 -5 10 ][60
:>X=% 30 0 209
~20 10 10 |[70
X 0-4504+700
=y =L 11800+0-1400
z =1200+900+ 700 |
250
=—| 400
400

sx=5y=8andz=8.

Hence, the cost of onions is Rs 5 per kg, the cost of wheat is Rs 8 per kg, and the cost of
rice is Rs 8 per kg.

Miscellaneous Solutions
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Question 1:
x  sind cos
-sin@ -x 1
cost 1

X
Prove that the determinant is independent of 6.

Answer
x  sin@ cosf
A=|-sinf -x I
cos 1 x
=x(x” ~1)-sin@(-xsin@ - cos @) +cos#(-sin & + xcosH)
=x' —x+xsin’ @ +sinBcosf —sinHcosd + xcos’ 6
=.x'1—x+x(sin36'+mslﬂ]
=x'—x+x
=x" (Independent of &)

Hence, A is independent of 6.

Question 2:
Without expanding the determinant, prove that

i

! bel 1 a a'
b b’ ca|=|l 'S b

8
&

¢ ¢’ abl |l ¢’ ¢’
Answer a a bc
LHS. = b ca
c ¢ ab
a a abc
= i b b abe [R —aR . R, — bR, ,and R, — cR, |
¢ ¢ abc
a : |
=L abelp? b’ I [Taking out factor abe from C, |
abc N .
c c 1
a a’ 1
S
¢ ¢’ 1
I a a
=1 b b [Applying C, > C, and C, <> C, ]
| ¢ ¢
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=RHS.

Hence, the given result is proved.

Question 3:

cosacosff  cosasinfl  —sina
—sin f1 cos fi 0

sin & cos sin e sin cosa
Evaluate ﬁ “8

Answer

cosacosffi cosasinfi -sina
A=| —sinf cos fi 0
sinacos fi  sinasinff  cosa
Expanding along Cz, we have:
= —sina(-sina sin” - cos’ ﬂ'sina)+c&sa(msac053 B +cosasin’ ,r_‘f]
=sin’ & (5in: B +cos’ ﬁ)+cus: H(ED'SI f+sin’ /})
=sin” a(1)+cos” a(1)
=1

Question 4:

b+c c+a a+b
A=lc+a a+b b+c =0

a+b b+ec c+a
If 3, b and c are real numbers, and ,

Show thateithera+ b+ c=00ra=b=rc.

Answer

h+c c+a a+b

A=|c+a a+bh b+c

a+h b+c c+a

Applving R, = R, +R, +R,. we have:
2(a+b+c) 2(a+b+c) 2(a+b+c)
A=|c+a a+b b+c

a+b b+¢ c+a
| 1 |

=2(a+b+c)c+u a+b b+

a+bh b+e c+a

Applying C, - C, -C, and C; = C, - C,, we have:

] 0 0
c+a b-c¢ b-a

A=2(a+b+c)
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lat+h c—a c—b|
Expanding along Ry, we have:
d=2[a+h+c}[]}[(h—L'}{c—h)—(!}—a}[c—a)]
=2(a+b+u}[—.&z - +2b¢.'—bc+ba+uc—u2]
=2(.r.'+h+r:'}[-m‘w.‘Jf:+f:ﬂ-|r.'1 -b:—c:]
It is given that A = 0.
{a+b+c)[aﬂ+b¢*+m—a:—b:—.-:3]:(}
= Eithera+b+c¢=0, orab+bc+ca—a —b" —c* =0.
Now,
ab+bc+ca—-a’ b -c* =0
= —2ab-2bc-2ca+2a’ +2b" +2¢* =0
=(a-b) +(b—c) +(c—a)’ =0

= (a=b) =(b—c)’ =(c-a) =0 [(a=b) .(b=c)*.(c-a)" are non-negative
= (a—h] =(h—c) =(r‘—a] =0
=a=h=c¢

Hence, if A = 0, then eithera + b+ c=00ra=>b =r.

Question 5:

X+a X X

X x+a x |=0,az0

i x X+a
Solve the equations
Answer
X+a X X

X x+a x [=0
X X  x+a
ApplyingR, - R, +R, +R,, we get:

3x+a 3r+a 3x+a

x x+a x |=0
X X x+a
| | |
=(3x+a)x x+a x =0
x X x+a

Applying C, - C,-C, and C, = C,-C,, we have:

1 0 0
(3x+a)|x a 0/=0
X 0 a
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Expanding along R, we have:
(3x +a][lxa2:| =0
=a’(3x+a)=0

Buta =0,

Therefore, we have:

Ix+a=0
Sx=-2
3
Question 6:
a’ be ac+c’
a’ +ab b’ ac |=4a’b’c’
Prove that ab b+be ¢
Answer . .
a be ac+c
A=la’ +ab b ac
ab b*+bec ¢
Taking out common factors a, b, and ¢ from C,,C,, and C,, we have:
a ¢ a+c
A=abcla+h b a
b b+c ¢

ApplyingR, >R, -R, and R, - R, -R,, we have:
a ¢ a+tc
A=abc) b  b-c -c
h—a b —a
Applying R, - R, +R,, we have:

a e a+c
A=abcla+bh b a
b—a b ~a
Applying R, - R + R, we have:
a c a+c
A=abcla+b b a
2b 2h 0
a c a+c
=2ab’cla+b b a
1 1 0

Applying C, » C, ~C,, we have:

4] c—a a+tc
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A=2abcla+b -a a
] 0 0

Expanding along Ri, we have:

A= Eab:c[a{c —a)+a(a +c]:

e Zahzc[ﬂr— a +a +ac‘]
= 2ab’c(2ac)
=4a’b’c’

Hence, the given result is proved.
Question 8:

Let 1 I 3 verify that
o [adiA]" =adi(4")
iyt _
(ii) (47) =4
Answer
| -2 I
A=|-2 3 I
I 1 5

|4 =1(15-1)+2(~10-1)+1(-2-3) = 14-22-5 = -13
Now, 4, =14, 4, =11, 4, =-5

Ay =11, Ay =4, 4, =3

Ay =54, =34, =1

14 11 -3
~adid=[11 4 3
=3 -3 =1
s =ﬁ(mﬁA)
14 11 -5 -14 =11 5
:-% i 4 -3 =% 11 4 3
- -3 -1 5 3 |

(1)
adjd|=14(-4-9)-11(~11-15)-5(-33+20)
=14(-13)-11(-26)-5(-13)
= —182+286+65 =169

We have,
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4 9

169 169

- _[_E_E)
169 169
3320

169 169

-13 26

=L 26 -39
-13

169
-13

Hence, [adjd] ' = adj(4").

(ii)

We have shown that:
=14 =11 5
A =|'—3 11 4
5 3 |
-1 2
And.adid” =12 -3
13
-1 =1
Now,

|A-‘ =[%JR[—14X{—|3}+1 1x(~26) +5x(~13) | = [%T x(~169) = —

~13
~13
—65
1411
13 13
o4
a3 13
1313
_(_ 1115
169 169
1425
169 169
[ 42 55
_[_42 3
169 169
-13 -1
13l=112
13
—65 ~1

|
|

33 20

—_——

169 169
( 42 55
- — e —
169 169
56 121

169 169

|

)
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Question 9:

X v o X+y
v x+y X

+
Evaluate x+y v Y
Answer
X y x+y
A=y x+y «x
x+ ¥ x v

Applying R, - R, + R, + R, we have:
2(,x+_v} 2(1+ y) 2(x+_|;
A=| ¥ xX+y x
X+ y X ¥

1 1 1

=2(x+y)| ¥ x+y x

xX+y X v
Applying C, - C,-C, and C, —» C, - C,, we have:
1 0 0
A=2(x+y)| ¥ X x-
xX+y -y -x
Expanding along Ry, we have:
A=2(x+ y}[—x2 +_p[x—y}]
=—2(x+y](:c2 +y° —_vx)
=—2[:erI +_p"')

Question 10:

1 X ¥
| x+y ¥
Evaluate ooy
Answer | . ¥
A=l X+y ¥
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L x  x+)y

Applying R, - R, -R, and R, » R, —R,. we have:

| X ¥
A=0 ¥
0 0

Expanding along C;, we have:

A=1{xy-0)=2xp

Question 11:

Using properties of determinants, prove that:

a a’ P+

g B yral=(f-y)r-a)la-B)a+p+y)

y oy a+p

74 o P+y
A= B y+a
y ¥y’ oa+f

Applying R, = R, =R, and R, = R, =R, we have:

a a’ B+y
A=|f-a B -a’ a -

y-a y-a’ a-y

«a a’ P+y
=(f-a)(y-a)| B+a -1
| r+a -1

Applying R, = R, -R,, we have:

1

a [ B+y
A=(p-a)ly-a)| fra -1
0 y=F 0
Expanding along R;, we have:
A=(p-a)(y-a)[-(r-B)-a-p-r)]
=(f-a)y-a)lr-F)la+p+y)
=(a-B)p-y)y-a)la+p+r)

Hence, the given result is proved.

Question 12:

Using properties of determinants, prove that:
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X x’ 14 px’

v ¥ L+ pv'[=(1+ poz)(x =y ) (y-2)(z—x)

z 22 1+ps
Answer
x x’ 14 px’
A=|y v 1+ py’
z z’ 1+ pz’

Applying R, = R, =R, and R, = R, - R,. we have:

x x’ I+ px’
A=|y-x y=x p(y' —x)
z-x 2! -x p{z‘—x")
x x’ I+ px’
=(y=x)(z=x)|I yax p(f +x° +Jgp)
I z4x  p(2+x"+x2)

Applying R, = R, -R,. we have:

x x° 14 px’
A=(y-x)(z-x)| y+x p(y3+x=+xy]
0 z-y  plz-y)(x+y+2)
b x 1+ px’
=(y=x)(z=x)(z=»)]1 y+x  p(y'+x*+xy)
0 1 px+y+z)

Expanding along Rs, we have:

A= [x—_v)(_v—:)(z—x)[{—l)(p)(.x;vz +x' +x’_1-']+l +px +plx+y+2)(x)
=(x-y)(y-2)(z- x)[—px_‘rj —px' = pxPy 414 pxt + pxiy+ poy’ + px}-:]
=(x=p)(y=z)(z=x)(1+ pyz)

Hence, the given result is proved.

Question 13:

Using properties of determinants, prove that:

3a -a+b -a+c¢
~b+a 3b -b+c|=3(a+b+c)(ab+be+ca)
—c+a —c+b 3¢

Answer
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3a —-a+bh —a+e¢
A=|-b+a 3b -b+c

-c+a —-c+b 3¢

Applying C, = C, 4+ C, + C,, we have:

a+b+c -a+b ~a+c
A=la+b+c 3b ~b+c
a+b+c -c+b 3c
1 —a+bh -a+c
=(a+b+c)|l 3b ~b+c
| —c+b 3¢
Applying R, =R, -R, and R; = R, —R. we have:
I —a+h —a+c
A=(a+b+c)|0 2b+a a-b
0 a-c 2c+a

Expanding along Cy, we have:
A=(a+b+c)|(2b+a)(2c+a)-(a-b)(a-c)]
=(a+b+c}[4hc+ 2afr+2ac+a:—a:+ac+ba—bc}
=(a+b+c)(3ab+3bc+3ac)
=3(a+b+c)(ab+ bc+ca)

Hence, the given result is proved.

Question 14:

Using properties of determinants, prove that:

1 1+ p 1+ p+gq
2 3+2p 443p+2q |=1
3 6+3p 10+6p+3q
Answer

| 1+ p I+p+gq
A=|2 3+2p 443p+2q

3 6+3p 10+6p+3q
Applying R, - R, -2R, and R, - R, 3R, we have:

1 I+ p l+p+g
A=|0 1 2+p

0 3 T+3p
Applying R, = R, -3R,. we have:

I 1+ p l+p+g
A=|0 1 2+p
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|l] 0 1 |
Expanding along C;, we have:

| 2+ p

A=1
0

=1(1-0)=1

Hence, the given result is proved.

Question 15:

Using properties of determinants, prove that:
sinag  cosa cos(a+d)
sinff cosfl cos(f+0) =0
siny cosy cos(y+0)
Answer
sine cosa cos(a+d)
A=lsinf cosfl cos(f+0)

siny  cosy cos(y+6)

sine sind COSCOSO  COS@CcosO —sinasind
Y Esinﬂsinﬁ cos feosd  cos ffeosd —sin fsind
sind coso | | ) . . .

sin ¥ sind COS ¥ COS O COS ¥ COSO —sinysingd

Applying C, —» C, + C,. we have:

COSGCOSO  COSaCosd  CoSarcoso —sinasind
cos fflcosd  cosflcosd  cosflcoso —sin fsind
COS J COS & COSyCOS®  COSycoso —sinysind

|
A=—o
sind cosd

Here, two columns C, and C, are identical.
SA=0,

Hence, the given result is proved.

Question 16:

Solve the system of the following equations

E+1+E =4
x y =z
4 6 5
—_———t—=]
X ¥y =z
6,9.20_,
. 2
Answer
1 1 |
_=p,—1=q,:=r_
Let ¥ J “

Then the given svstem of equations is as follows:
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-

2p+3g+10r=4

4p-6g+5r=1
6p+9g-20r=2
This system can be written in the form of AX = B, where
2 3 10 p 4
A=|4 -6 5 [A=|g|and B=|1
6 9 -20 r 2
Now,

Al =2(120-45)-3(-80-30)+10(36+36)
=150+330+720
=1200 A

Thus, A is non-singular. Therefore, its inverse exists.

Now,

A1 =75, A1 = 110, A1 =72
Azy = 150, Azz = —100, A3 =0
Azy = 75, Az = 30, Az = — 24

1
s AT = —adjA
Al
75 150 75
- 10 —100 30
1200
72 0 —24
Now,
X=4"B
P 75 150 75 |[4
=g |= 110 =100 30 |
1200
¥ 72 0 =241 2
(3004150 +150
=12im 440 -100 + 60
| 288+0-48
-1
(6007 |2
| 240 :
5
1 1 1
= . = _and =
P zq 3 ’ 5
Hence.x=2. v=3.andz=35.
Question 17:

Choose the correct answer.
Ifa, b, c, are in A.P., then the determinant

. I I P
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X+ L X+23 X+ 2d
x+3 x+4 x+2b
*+4 x+5 x+2¢

A.0B.1C. xD. 2x
Answer
Answer: A
x+2 x+43 x+42a
A=|x+3 x+4 x+2b
x+4 x+5 x+2c
x+2 x+3 x+2a
=[x+3 x+4 x+(a+c) (2b=a+casa.b.and ¢ are in AP.)
x+4 x+5 x+2
Applying R, - R, -R, and R, = R, - R, we have:
-1 -1 a-c
A=x+3 x+4 x+(a+c)
1 I c—a
Applying R, - R, + R, we have:
0 0 0
A=|x+3 x+4 x+a+c

I | f—a
Question 18:

Choose the correct answer.

X 0 0
A=0 ¥ 0
If x, v, 2 are nonzero real numbers, then the inverse of matrix 0 0 : is
x' 0 0 0 0
0 y'oo0 xyz| 0 vy
a L0 0 z™! 0 0 z"!
X 0 0 | 0 0
L 0 0 L 0 | 0
e ooz e 0
Answer
Answer: A
x 0 0
A=|0 y 0
() 0 z

LA =x(p=-0)=xz0
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Now, 4,=12,4,=0,4,=0
4, :ﬂ*A:: =X, A’ﬂ =0
A, =0.4,, =0.4,; = xy

yz 0 0
soadid=|0 xz 0
0 0 Xy
a b
S A =—adiAd
||
l ¥z 0 0
= 0 Xz 0
o o v
S |
XY=
=0 o
xyz
0 0 ad
L e |
l 0 0
X ¥ 0 0
|
=0 = 0/=0 ' 0
-}'r
| 0 0 z"
0 0 —
L Z
The correct answer is A.
Question 19:
Choose the correct answer.
| sind 1
A=|-sin@ 1 sinf
Let -] -siné 1 ,where 0 = 8< 2n, then

A.Det (A) = 0

B. Det (A) € (2, w)

C.Det (AYe (2. 4)
D. Det (A)e [2, 4]
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Answer

sAnswer: D
| sinf 1
A=|-sinf | sin
I sinf? 1
~.|A =1(1+sin” ) —sin O(~sin 6 +sin 0) +1(sin 0+1)
=1+sin” @ +sin” @+
=2+2sin" @
=2(1+sin" )
Now,0<¢<2n
=0<sinf <l
=0<sin°@<|
=1<l+sin" 02
=2<2(l+sin’0) <4
. Det(A4)e[2.4]

The correct answer is D.
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